We develop a theory of canonical transformations for presymplectic systems, reducing this concept to that of canonical transformations for regular coisotropic canonical systems. In this way we can also link these with the usual canonical transformations for the symplectic reduced phase space. Furthermore, the concept of a generating function arises in a natural way as well as that of gauge group.
I. INTRODUCTION
Since the well-known Dirac's pioneer work 1 on constrained Hamiltonian systems, the interest in such theory has been growing because it provides an appropriate framework to deal with many physical theories either for finitedimensional systems as time-dependent [or more generally (n-parameter)-dependent] systems, mechanical systems defined by singular Lagrangians, etc., or infinite-dimensional systems exhibiting gauge invariance. A good test of the relevance of these systems is the amount of papers trying to develop the mathematical framework for these systems, which has been shown to be that of presymplectic geometry, which has been possible thanks to the papers by Gotay, 2 Lichnerowicz,3 SniatyckV and others, to whom we apologize for omitting their names. For a recent review see, e.g., Ref. 5 .
The essential characteristic of these systems is the existence of contraint functions, limiting the possible values of the dynamical variables that Dirac classified in first and second class according to the vanishing or not of their mutual Poisson brackets. This classification was motivated because the second-class constraints may be eliminated from the theory up to a redefinition of Poisson brackets becoming now the so-called Dirac's brackets, and they may be considered as corresponding to spurious degrees offreedom. This aspect is really clarified when using appropriate coordinates as indicated by Shanmugadhasan. 6 On the other hand, the invariance ofthe Poincare-cartan integral has also been proved to be a sound principle for the study of nondegenerate systems and it has motivated a recent paper 7 ,8 devoted to the study of the Hamilton-Jacobi method for degenerate systems. Our experience with regular systems suggests for us to look for a concept generalizing that of canonical transformation, and it has been carried out 9 for regular canonical systems by making use of a generalization of the Hwa-Chung theorem. 10 We aim in this paper to give a general concept of canonical transformation for any presymplectic system, as well as attempt to go deep in the analysis of this concept in order to characterize such transformations, studying the group structure of such a set of canonical transformations, some remarkable subgroups (in particular, the subgroup of gauge transformations), and the theory of the corresponding generating functions, which follows the track of Weinstein's theory for symplectic systems.
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The paper is organized as follows: Section II is devoted to analyzing the structure of locally Hamiltonian presymplectic systems, and the main result of this section, given in Theorem 3, is that the study ofthe locally Hamiltonian presymplectic systems can be done by means of its local structure coisotropic germ. The concept of canonical transformation for presymplectic systems is given in Sec. III and after a deep analysis it is shown that it is enough to consider the case of canonical regular systems because any other can be reduced to it. Section IV contains a study of the group structure of the set of canonical transformations. When the process of reduction of the presymplectic system is carried out, the canonical transformations pass to the quotient and it singularizes the subgroup of canonical transformations, inducing the identity in the quotient, called the gauge group. The concept of a generating function is introduced in Sec. V and Sec. VI is devoted to showing some interesting properties of the generating functions, which will be of interest to manage with in local coordinates.
II. THE STRUCTURE OF PRESYMPLECTIC SYSTEMS
The mathematical framework for a geometrical description of the Dirac's theory of constrained systemsl,12.13 has been shown to be that of presymplectic dynamical systems. 2 -4.14.15 In this section we will analyze the local structure of such systems and it will be shown how it is possible to imbed a presymplectic manifold as a coisotropic submanifold of a symplectic manifold in which a family of locally Hamiltonian vector fields extending the dynamics of the original system can be constructed. This result is based on some theorems by Sniatycki 4 and Gotay,16 which will be restated in order to make this paper more self-contained.
Definition 1: A presymplectic manifold is a pair (M,w) where w is a closed two-form of constant rank on the differentiable manifold M. If a is a closed one-form on M, the triplet (M,w,a) is said to be a locally Hamiltonian presymplectic dynamical system. The Dirac-Bergmann theory of constrained systems corresponds to takingM = D'y (T *Q ) andw, the pullback to 
There are a lot of other relevant presymplectic manifolds arising in physics. For instance, we can mention parameter-dependent systems where the mainfold Mis P xA with (p,n ) a symplectic manifold and A the parameter space.
The closed two-form OJ is given by OJ = 1T*W, where 1Tdenotes the natural projection on the first factor 1T: P X A __ Po This is the case of the usual way of dealing with time-dependent systems. '7 Given a locally Hamiltonian presymplectic dynamical system, the constraint algorithm, developed by Gotay et al., 2, [4] [5] [6] .'8 provides a method for obtaining a maximal submanifold C, called the final constraint submanifold, for which the equation
is meaningful, and it is possible to endow a with a dynamical sense. The vector field r is not uniquely defined and this ambiguity corresponds to what is usually called gauge freedom. 2 .'s When dealing with Dirac's constrained Hamiltonian systems, the functions locally defining this final constraint submanifold are both the primary constraints defining MC T*Q and the secondary constraints. But Dirac gave a new classification of constraints in first and second class depending on the possibility of eliminating the ambiguity in the corresponding mUltiplier in the expression of the total Hamiltonian. In the general case constraints of both classes can appear, but Sniatycki proved 4 that it is possible to imbed coisotropically the final constraint submanifold C in a symplectic manifold, in the very general case of C defining a regular canonical system, and the second-class constraints are eliminated.
Definition 2: Let (p,n) be a symplectic manifold andj:
C~ P a submanifold of P. Then (p,C,n ) is said to be a regular canonical system ifker j* nnTC is a subbundle of the tangent bundle TC. Theorem 14: Let (p,C,n ) be a regular canonical system. If C is a closed submanifold of P, there exist a symplectic submanifold of(p,n), k: (i,n )~(p,n ), and a coisotropic im-
The existence of a symplectic manifold (p,n ) containing C may be forgotten for the presymplectic case if we make use of the coisotropic imbedding theorem recently given by Gotay.'6 Theorem 2: Let (M,w) be a presymplectic manifold. Then, we have the following.
(i) There exists a symplectic form n on a tubular neighborhood of the zero section of the dual bundle E * of the characteristic bundleE of (M,w), whereM can be coisotropically imbedded. (ii) Any two coisotropic imbeddings of (M,w) are locally equivalent: ifj; (M,w)--+(p;,n;) , i = 1,2, are two of such coisotropic imbeddings, there exist two neighborhoods U; = 1,2, of j;(M) in P; and a symplectomorphism t/J: U,--U 2 such that t/J * n 2 = n, and t/J OJ, = j2'
We introduce next some definitions and notations we are going to use concerning functions and one-forms defined on a symplectic manifold (p,n ).
Definition 3: Let Cbe a submanifold of(P ,n ). A function f E crt 00 (P) is said to be a constraint function for C if fl C is constant, and the set of such functions will be denoted (P,C) , and we will write ~(P,C) for the set of all first-class functions. Finally, the first-class constraint functions are those of ~ (P,C)ncrt (P,C) , and the corresponding set will be denoted d (P,C) .
Here [ , J will denote the Poisson bracket defined on the set A '(P) of one-forms by the form n as follows:
The concepts of constraint and first-class functions can be generalized for one-forms on P as follows. Definition 4: A one-form a E A '(P) is a constraint oneform for C ifj*a = O,j being the immersionj: C~P. The set oftheseone-formswillbedenotedC '(P,C). The one-form Pis a first-class one-form ifj* [a,/3 J = 0, Va E C '(P,C), and the set of all such one-forms will be writtenB '(P,C). Finally, by
of the first-class constraint one-forms.
Proposition 1: With the above notations, we have the following.
(
But it implies that j* [a,dg J = 0 for any a E C '(P,C)nZ '(P) because of the local existence of a neighborhood and a functionf E crt (P,C) such that a = dfaccording to the relative Poincare lemma.
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(ii) If a E C '(P,C )nZ '(P), the lemma of Poincare shows that there is a function f (only locally defined) such that df = a and thenj* a = 0 implies thatj*fis constant on the neighborhood 'Y where f was defined. Now, if pE C '(P,C)nZ lIP) andgis a function (locally defined) such that I' = dg, and g E crt(P,C), we see that
If Cis coisotropically imbedded in P, crt (P,C) C ~ (P,C) and therefore j* [f,gJ = 0, which impliesj* [a,/3 J = O. In order to prove that j* [a,/3 J = 0, VI' E C '(P,C), we remark that C '(P,C)nZ '(P)generateslocallyC '(P,C)asaCOO (P)module and for every I' E C '(P,C) there exist b; E Coo (P) and f; E crt(P,C) such that I' can be written as I' = ~b; dp.
Then, using the identity {a,hrJ =Xa(h)r+h [a,rJ, Vh e coo (P), a,reA I(P), withXa = iJ -I(a), we find that for every a e C I(P,C)nZ I(P) and f3 E C I(P,C), {a,/3} = {a,Ib; dP} = IXa(b;)dP + Ib;{a,dp} , and therefore
The main goal of this section is the following theorem. Theorem 3: Let (M,w,a) be a locally Hamiltonian presymplectic system and i:C~M the final constraint submanifold. There exist a symplectic manifold (p,n ) and a coisotropic imbeddingj:C~P such thatj*n = i·w and we have the following.
(i) For each vector field r on M, tangent to C, satisfying L(r)liJlc = alc, there is a locally Hamiltonian vectorfieldr s on P, tangent to C, such that ric = r slc ' (ii) The vector fields rs associated to the dynamical system r satisfying the above conditions are given by r s =iJ-I (ap +5"), (2.2) where a p is a closed one-form on P such thatj·ap = i·a, and 5" any closed first-class constraint one-form on P for C, 5" E A I(P,C)nZ I(P).
(iii) (local uniqueness) The coisotropic imbedding and the family
Here local uniqueness means that ifl:C~P' is another coisotropic imbedding, there will exist a family of locally Hamiltonian vector fields D(P',C) = {iJ,-I(a r +5")I5"EA 1(P',C)nZI(P'), ar E Z I(P')}, and a local symplectomorphism t/J from a neighborhood of j (C) in P in a neighborhood of l (C) in P' such that
Proof" According to Theorem 2, there is a symplectic manifold (p,il ) and a coisotropic imbedding 1:(M,w)~(p,il). On the other hand, if (C,i*w) is the presymplectic manifold which is obtained from application of the constraint algorithm, Theorem 2 furnishes a new symplectic manifold where (C,i*w) is coisotropically imbedded. Letjz denote such an imbeddingjz:C-+P z . The relation between both symplectic structures is given by Theorem 1. We can also see C as a submanifold J:C-+P I with J = I 0 i and then Theorem 1 asserts the existence of a symplectic submanifold k: (P 3 ,n 3 )-+(p,il) and a coisotropic imbedding
The local uniqueness part of Theorem 2 leads to the existence of a symplectomorphism t/J of a neighborhood ofj3 (C) in P 3 on a neighborhood ofjz (C) in Pz' If(p,n ) is any of such neighborhoods andj the corresponding immersion of C in P, we have a coisotropic imbedding of C in (p,n ) . (See Fig. 1 .) In order to prove the points concerning the dynamics, we remark that both (F,il ) and (p,n ) are neighborhoods of the zero sections of vector bundles over M and C, respectively. Let 1Tk,1Tj, and 1T1 be the corresponding projections 1Tk:P-+P, 1T j :P-+C, 1T1:P-+M, verifying 1Tk 0 k = idp , 1T1 0 1= id M , and 1Tj oj = idc. Let ra be a vector field in M tangent to C verifying the dynamical condition (2.1), i.e., L(ra )liJlc = alc' From the relation k 0 j = 10 i we see that the images of the manifold C under I 0 i and k 0 j are contained in I(M) and kIP), respectively, and then
We define a vector field in I(M)by/.ra and take its restriction to W, that it is not necessarily tangent to W but it will be tangent to C because the tangency of ra to C implies that there exists a vector field r~ in C such that i. r~ =ro and therefore I.ro 
The vector field Xs = iJ -1(5) corresponding to an element of A I(P,C)nZ I(P) is tangent to C and is such that 
5" E A I(P,C)nZ I(P).
Actually ker i·w = 1T j • iJ -I(A I(P,C)Z I(P)), because !he closed first-class constraint one-forms generate via n -I the submodule
As far as the local uniqueness is concerned we must prove that given two coisotropic imbeddings jl,jz into two symplectic manifolds (p;,n;), i = 1,2, there will be a local symplectomorphism t/J:P c+Pz mapping locally Hamiltonian vector fields on PI in locally Hamiltonian vector fields on P z and t/J 0 jl = jz. Now, let (p,n) be a symplectic manifold where the final constraint manifold is coisotropically imbed-ded, obtained from any symplectic manifold (S,u) 
The local uniqueness part of the statement of Theorem 2 says that any two coisotropic imbeddings are locally equivalent and consequently the two symplectic manifolds we will obtain, either from (M,w) using (S,u) or from (C,i*w) using the coisotropic imbedding theorem, have to be locally symplectomorphic. The second assertion of the statement follows from the fact that any symplectomorphism preserves the locally Hamiltonian character of the vector fields, and from the condition t/J 0 jl = j2' which says that t/J transforms constraint one-forms into constraint one-forms; and, as we have shown that C l{p,C)nZ I{P,C) = A I{P,C)nZ l{p,C), the proof ends.
Definition 5: If (P,C,fJ) is a regular canonical system such that the immersionj is a coisotropic imbedding we will say that (P,C,fJ) is a regular canonical coisotropic system.
The preceding results can also be presented in a different language using the concept oflocal manifold pair, as Weinstein does, 19 or that of a germ of a manifold as a submanifold of another one; that is, if C is a submanifold of M and (M,C) a pair of manifolds, we will say that (M',C) is equivalent to (M,C) if there is another pair (M ",C) such thatM " is an open submanifold of both M and M'. An equivalence class of pairs of manifolds is called a local manifold pair or germ of C in M and will be denoted [M,C] . A map between two germs is defined by an equivalence class of maps. This equivalence is defined as follows: two maps/; :{MjOC )-(M;,C '), i = 1,2 are said to be equivalent if there exists a map g:{M3'C )- (M 3'C') A germ [P,C] is said to be coisotropic if (P,C) is a pair where C is a coisotropic submanifold of the symplectic manifold (P,fJ) . We can consider the category with objects the germs [P,C] and morphisms the symplectic maps between germs[t/J ]: [P,C]-+[P ',C'] . Wewillsaythatagerm[P,C]isthe local structure germ for a presymplectic germ if it verifies the universal property of being an initial object in this category, i.e., for every [P',C] there is amorphism [t/J ] : [P,C]-+[P',C'] such that t/Jlc = idc. With this language Theorem 3 can be restated as follows: For every locally Hamiltonian presymplectic system (M,w,a) , there exists a local structure germ [P,C] , with C the final constraint manifold for (M,w,a) . It is uniquely defined and there is on it a family oflocally Hamiltonian vector fields furnishing a dynamical description of the system.
III. CANONICAL TRANSFORMATIONS FOR PRESYMPLECTIC SYSTEMS
The traditional concept of canonical transformations for Hamiltonian dynamical systems as symplectomorphisms has recently been generalized 9 for application to regular canonical systems (P,S,fJ ) . The definition of canonical transformation depends on the choice of a particular kind of vector field, called locally weakly Hamiltonian fields relative to (P ,s,fJ ), and therefore depends on the immersion of S in the ambient manifold P. We aim to find a generalization of the concept of canonical transformation for a presymplectic system with no reference to an ambient symplectic manifold containing it, that it will reduce to that proposed in Ref. 9 in the case of a regular canonical system. Moreover, we will prove, by making use of the results of the preceding section, that the general problem of studying the canonical transformations of a presymplectic system can be reduced to that of the canonical transformations of a regular canonical system (P,C,fJ).
Definition 6: Let (M,w,a) be a locally Hamiltonian presymplectic system and let ic:CvtM be the final constraint submanifold. A vector field X e x(M) is said to be a locally Hamiltonian vector field relative to C if (i) X is tangent to C, X lc er(TC) and (ii) there exists a closed one-form
The set of such vector fields will be denoted XLH (M,C). It is to be remarked that the condition (ii) is weaker than L(X )wl c = PIC and any vector field X satisfying this equation will satisfy (3.1), too. As an example, the dynamical vector fields provided by the Constraint algorithm are locally Hamiltonian vector fields relative to C. On the other hand condition (ii) is equivalent to i~ Lxw = O. (ii) Ifp = 21, l<r, there exists a functionfe C"" (M) such that 11:1J3 -f w A I) = 0 and i~ f is constant on each connected component of C.
In this context the concept of canonical transformation generalizing that of Ref. 9 is the following one. (MI, wl, a d and (M 2 , w2, a2) 
(XLH(MI,CI))CXLH(M2,C2)'
A characterization of a canonical transformation for such systems, which is a straightforward consequence of the former theorem, is given by the following. Only the particular case C = 1 will be considered in the following. It corresponds to the restricted canonical transformations for Hamiltonian systems in the terminology of the book by Saletan and Cromer,20 but we will omit the word restricted.
A convenient characterization of the locally Hamiltonian vector fields which is also an immediate consequence of Theorem 4 is given next.
Theorem 6: Let (M,w,a) be a locally Hamiltonian presymplectic system and ic :C-+M the final constraint submanifold. A vector field X in M tangent to C is locally Hamil-tonian relative to C if and only if the flow of X is a family of canonical transformations of (M,w,a) .
The fundamental result of this section concerns the reduction for a general presymplectic system to the case of a canonical system which is given by the structure theorem of the precedent section. In fact, the next theorem asserts that the set of canonical transformations of a presymplectic system can be seen as the set of canonical transformations of a regular canonical system coisotropically imbedded.
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or in the same way n 2 (P) (uj2. (m2) v") = 0, 'fIv" E T m2 C 2 , because ¢ is a diffeomorphism. Then, U E TC i n2 , and from the coisotropy of C 2 we have that U E TC 2 ; but TC 2 = TC I and j2 0 ¢:C I Uf(P2,n 2 ) is a coisotropic imbedding.
In this point the local uniqueness of Theorem 2 shows that there exists a symplectomorphism I/' from (PI,nd, the initial symplectic manifold where C I is coisotropically imbedded, into (P2,n 2 ), such that I/' 0 jl = j2 0 ¢, and the proof ends.
Remarks: (i) The function I/'is defi~ed only locally on a neighborhood of j I (C) in P, but taking this neighborhood as the whole manifold the result still holds.
(ii) This theorem shows the possibility of studying canonical transformations for presymplectic systems using only their local structures as in Theorem 3. This simplification permits development of the study of the group of canonical transformations and its subgroups, so in the following sections we will use both points of view to deal with canonical transformations for a presymplectic system. That is, given a canonical transformation (tP,¢) between (MI,wl,a l ) and (M 2 ,w2,a 2 associated canonical transformation (I/',¢ ) between the associated coisotropic regular canonical systems (PI,CI,n l ) and (P2,C 2 ,n 2 )· (iii) It is also to be remarked that there are canonical transformations between canonical regular systems that are not symplectomorphisms. In fact, it is possible to consider canonical transformations between two canonical regular systems associated to presymplectic systems (Mk,wk,a k ) that are not symplectic transformations.
IV. THE GROUP OF CANONICAL TRANSFORMATIONS FOR PRESYMPLECTIC SYSTEMS
Instead of dealing with presymplectic systems as indicated in the preceding sections, there is an alternative way which is called the reduction of the phase space.
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The kernel of the presymplectic form We = i~ W defines an involutive distribution and therefore it is integrable because of the well-known Frobenius theorem. The maximal connected integral submanifolds are the leaves of a foliation that gives rise to an equivalence relation in C. Suppose we discard the points of C, where We fails to be of constant rank, and denote 11" e :C---+C the natural projection of C onto the quotient space. 23 and gravitational fields. 23 In this scheme the canonical transformations are but symplectomorphisms of the reduced structure. In this section both alternative definitions will be related; we will prove that there is a canonical epimorphism of the group of generalized canonical transformations we have defined onto the group Sp(C,w) of symplectomorphisms of (C,w).
In order to explain this deep relation we need some notations referring to the group of (generalized) canonical transformations and its more relevant subgroups, which we present next.
We will denote GC (P,C) the set of canonical transformations for the coisotropic canonical system (p,C,n ) which can be endowed with a group structure in the natural way.
There are a lot of important subgroups of this with physical and mathematical meaning. For instance, GS(P,C) = GC(P,C)nSp(P), which is not a normal subgroup in the general case. Now, if 11":P---+C denotes the above-mentioned projection, a very important subgroup of GS (P,C) is made up by the elements that commute with 11" and leave invariant the symplectic form n. The set of such fibered symplectomorphisms is a subgroup to be denoted FS (P,C), and it has been studied for time-dependent systems in Ref. 24 . In a similar way we can define FG (P,C) as made up from all fibered canonical transformations.
We will denote TC (P,C) the set of canonical transformations that are trivial on C. This set is a normal subgroup of
GC(P,C) and has a subgroup to TS(P,C) = TC(P,C) nGS(P,C).
The lattice of these subgroups as well as the relationship between them are shown in the diagram below. The symbol 1---1 means that the lower is normal in the upper one, and a subgroup in the link of two means that it is the intersection of both groups on the opposite edges 
FTS (P,C r
The group of the equivalence classes, GC(P,C)I TC (P,C), will be denoted Can C and it is obvious that each class [((/),¢)] e Can C is uniquely defined by ¢ e DiffC, hence Can C is isomorphic to the group of those diffeomorphisms of C preserving the presymplectic structure I1c = j*l1. Another related matter is to know whether it is possible to choose a symplectic transformation of (P,11 ) in any class or not. All this and related questions will be dealt with in next section.
The main theorem in this section is based on the following proposition.
Proposition 2: Any canonical transformation ((/),¢) for (P,C,11 ) leaves invariant the distribution defined by I1c. Proot If ve Tm C is in ker l1c(m), X is a vector field defined in a neighborhood of min P such that Xm = v and X IC e r (ker I1c ), and we take into accountthat Cis coisotropicinP, we can conclude thatr (ker I1cl = r(TC l ) and consequently r(ker I1cl is generated by constraint first-class functions; namely, fe d(P,C) will exist such that Theorem 8: With the same notations as above, the map
is a symplectic map in (C,h).
Proot The map is well defined because the foliation defined by ker I1c is invariant under ¢. Moreover, if we compute 111: ¢ * iJ we find the chain of identities 111: ¢ * iJ = (¢ o1Tc!*h = ¢ *l1c = I1c = 1T*iJ. Now, 1Tbeing a submersion, we can conclude that ¢ * h = iJ.
Corollary 1: There is a canonical homomorphism p between Can C and Sp(C,h ) given by p(¢ ) = ¢.
Definition 8: The kernel of the homomorphism p will be called the group f § of (P,C,11 ) and is made up by the canonical transformations preserving every leaf of the foliation defined by ker I1c.
If A (P,C) is the set of Hamiltonian constraint first-class vector fields in P over C, according to Gotay's notation, 2 namely, A (P,C) = {X, = h -I(df)lfe d(P,Cll, we can write an exact sequence of Lie algebras as indicated by the following theorem.
Theorem 9: With the above notations, the sequence i. 1Tc.
~A (P,C )-+XLH (P,C )-+XLH (C)-+O is exact. Here i. is the natural injection of A (P,C) in x(C).
Proot Notice that the vector fields in XLH (C) are 1T c projectable and therefore 1T c. is well defined. The Hamiltonian constraint first-class vector fields generate ker I1c = r (TC l ) and they are mapped by 1T c. on the zero vector field. Conversely, if a vector field X e XLH (C) is mapped by 1T c. on the zero vector field, each integral curve is contained in a leaf of the foliation defined by ker 11 c' so X is in r (TC l ) and it belongs to A (P,C). Corresponding to this exact Lie algebra sequence we have another sequence of Lie groups l-+f §-+Can C-+Sp(C,iJ}-+l.
It is noteworthy that in the case of Yang-Mills fields, the gauge group f § is a Lie Hilbert group and A (P,C) is actually the Lie algebra ofthis group.2l,2S
v. GENERATING FUNCTIONS FOR GENERALIZED CANONICAL TRANSFORMATIONS
The generating functions for canonical transformations of Hamiltonian systems arise as associated to the Lagrangian manifolds corresponding to the graph of the transformation in a symplectic product space. 11,17 If (P I ,I1 I ) and (P 2 ,11 2 ) are symplectic manifolds, a symplectic structure 1112 is defined on the product manifold PIX P 2 by 11 12 = tr1' 11 I -1T' f 11 2 , where 1Ti :P I XP 2 -+P i (i = 1,2) are the canonical projections.
Then ¢:(PIJI1 I )-+(P 2 011 2 ) is a symplectomorphism if and only if its graph is a Lagrangian submanifold of (PI xP 2 ,l1d. I 1,17,26 Before trying to generalize the concept of generating function we establish a similar property characterizing the canonical transformations for presymplectic systems. We recall that if k:I-+P is an isotropic submanifold of the symplectic manifold (P,I1), then k *11 = 0, and if 0 is a locally defined one-form such that 11 = dO, the one-form k *0 is closed and there will be a locally defined function S on I with dS = k *0. Such a function S is called a generalized generating function for the isotropic submanifold 1. The important point to be remarked is that the generating function for Lagrangian submanifolds describes the local structure of these, II whereas the generalized generating functions for isotropic submanifolds only partially describe such submanifolds. We can, however, define generalized generating functions for canonical transformations of presymplectic systems in a similar way as in the classical case of canonical transformations for Hamiltonian systems.
With the same notations as in Theorem 10, if ~ I and ~ 2 are two neighborhoods in PI and P 2 , respectively, in which one-forms Oi' i = 1,2 are defined such that dO i = n i , the one-form 
(ii) (41,¢ ) is a canonical transformation if and only if there is a function F locally defined on SI such that J"r 
(ii) The canonicity condition J"r(41*n 2 -n J ) = 0, when restricted to ~ I X ~ 2, becomes the closedness of J"r X (41 *0 2 - ( 1 ) (y,41 (y) 
(ii) Let G. be an arbitrary but fixed extension of G to j (,o( 'Y) 
where 
VI. LOCAL PROPERTIES OF GENERATING FUNCTIONS
In this section we will analyze the local reconstruction of a generalized canonical transformation ¢ E Can C starting from its Weinstein generating function, as well as its relation with the corresponding generating function in the reduced phase space. Let (Pi,COn;) , with i = 1.2, be two coisotropic regular systems. Then. it is to be remarked that if (41.¢) is a generalized canonical transformation between (PI,CI,n l ) and (P2,C 2 .n 2 ), then graph ¢ is an isotropic submanifold of (PI xP 2 ,nd while C I X C 2 is a coisotropic submanifold. The canonical projection of C i on the corresponding reduced space will be denoted 7] i instead of the more cumbe:som~e notation 1T C,' The reduced phase space ~ ~ I X C 2 and the projection on the reduced phase space C I X C 2 is denoted n:c I X C 2 -C;XC;, which coincides with 7] I X 1)2' y" e also ~ec~ll that if ~ is a symylectomorphism between (CI,n l ) a!.ld (Cl,n;) . the set g!aph ¢ is a Lagrangian submanifold of (C I XC 2 ,nd with n l2 defined usually as hl2 = 171' hi -171 h 2 , where 17-i :(;1 X (;2-(;1 (i = 1,2) is the canonical projection. With these notations, we can state the following proposition.
Proposition 4: Let G be a locally defined Weinstein function for the canonical transformation (41,¢) . Then, there exists a Weinstein g~n~rati!.lg function G for the reduced symplectomorphism ¢:C I -C 2 such that G = n*G. = 1,2) . Consequently, the one-form e l2 defined by e l2 = i71' ' 0 1 -frt ' 0 2 defines a generating function G such that n *dG = dG because n*dG = n*7*e I2 = (7]1 0 1T I )*B I -(7]2 0 1T2)B2 = 7* 0 VI Xj2)* 0;2 = dG.
As a straightforward consequence we can state the following corollaries. This fact is worthy of note: the generating functions F do not depend on the gauge variables.
Before studying mixed generating functions for generalized canonical transformations we introduce some notations. The neighborhoods of P j in which OJ is locally defined will be denoted by CZr j (1 = 1,2). By XI = (ql, ... ,qn ,PI, ... ,Pn) we mean a set of canonical coordinates for CZr I such that the set r I = CZr InC I is defined by the vanishing of the first k p's.
Lemma 1: Let (CZr I'X I ) be a canonical neighborhood of 
Proof The point is that as <I> is not a symplectomorphism, <I> ( CZr I) is not a canonical neighborhood. We remark that,p (r tl C C z because,p (C I ) C C 2 • There exists a canonical
what we need is that ,p ( r I) C CZr I C <I> (CZr d, and it can be found as follows: ,p (r d is a coisotropic submanifold of (P2,fJ 2 ) and we know that there is a tubular neighborhood 'lr of,p (r din (P2,fJ 2 ) symplectomorphic to a tubular neighborhood of the canonical coisotropic imbedding of,p (r I)' Then, we can choose CZr 2 = <I> (CZr tln'lr and the coordinate functions given by those of the coisotropic imbedding using the identification by the local symplectomorphism, and on ,p (r l ) the set of coordinates given by Q j = qj 0 ,p -I, P; = pj o,p -I. This is a canonical set satisfying the required conditions. Instead of using the projection of graph ¢n( for (<P,,p) and their main properties will be described in the theorem below. There is an important point to be remarked here, on the definition of the mixed generating functions Fij' We have pointed out that it is necessary that there exists (~j) -I and this is equivalent to the fact that the submanifold graph ,p in PI XP 2 is transverse to the function ~j; that is, denoting by Tij (P) the set of points which are mapped in P E R n X R n by ~j,Tij(P) = ~j -1(P),p E ~J( CZr d, graph ,p will be transverse in the point (x,,p (x) ) E graph,p to ~j if 1(x,~(x))graph <Pffi 1(x.~(x))Tij(~j(x,,p(x))) = 1(x.~(x))(PIXP2)'
If it occurs we will be able to parametrize locally the submanifold graph,p (or graph <1» by means of the function ~j and then there will exist ~j -1 . Using these conditions in the following we can state Theorem 12. Finally, by the construction of the canonical neighborhood %'2 in P 2 we have that Pi 0 cf > = Pi' i = k + 1, ... n,Qi 0 cf> = qi, i = 1, ... ,n.
There exists a similar theorem for each mixed function F I4 ,F 23 , and F 24 , and it is very interesting to notice that they define locally the canonical transformation only for (n -k) X (n -k ) variables on thesubmanifoldC I . In the particular case of the mixed function of type ( 1,4), the equations before become a~~4 = Pi! i = k + l, ... ,n, _ aF I4 = Q. k 1 ap. , ... ,n, I showing that the gauge ambiguity does not permit the complete reconstruction of the transformation on the manifold C 1 from the generating functions.
The extended generating functions G,P, defined in Sec.
V, give locally a symplectomorphism (~,cf> ) such that it coincides with tP in r I' but in general, as pointed out in Sec. IV, it
will not be possible to extend such a symplectomorphism to a global one, and it will not be possible to construct smoothly a set of such functions such that their graphs overlap correctly.
VII. CONCLUSIONS
We have introduced the concept of canonical transformation that generalizes the concept introduced for regular systems (see, e.g., Ref. 11), time-dependent systems,24 and canonical systems. 9 The generalization is based on Theorem 3 where the possibility of finding a symplectic manifold Pin an essentially unique way is shown, such that the final constraint submanifold C is coisotropically imbedded in P and for any dynamical vector field r compatible with C there is a (no uniquely defined) vector field on P with the same restriction on C (up to identification of C with its image). Furthermore, the result of Theorem 7 shows the possibility of studying the canonical transformations using only their local structure and the crucial point is that every canonical transformation defines a symplectic transformation in the (sy~ plectic) reduced space and it is possible to define canonical transformations of the presymplectic space that are trivial on the quotient space; they will be called gauge transformations. In fact, if we start with a gauge theory as is usually meant it will be a presymplectic system and the group of gauge transformations as defined above coincides with the gauge group of the theory.
It is remarkable that the equations of motion can now be considered as a one-parameter family of canonical transformations. Moreover, the equation for the determination of the generating function is but the generalized Hamilton-Ja-
